Appendix A. Linear approximation of the stock price formula

Stock price dynamics follows the standard formula:
Py = Ei(Mi11Piy1) + Ee(Myy1Diy1),

or

Py = p; = B¢ (exp(mir1 + per1)) + Ei (exp(mirr + dig1))

where small letters denote log variables. From the loglinear solution of the macroeconomic part of the model,

dynamics of the stochastic discount factor and the dividends has the following state space form:
Ty =T+ Mys1+Weer, 3 =M3_1+We, € ~N(0,X),

where x; represents log(M;) or log(D;). Because for the lognormal random variable E(exp(x)) = exp(E(z) +
0.5D?(x)), then we have:

Pt = In [exp (]Et(mt+1 +pt+1) + 0.5Df(mt+1 +pt+1)) + exp (Et(mt+1 + dt+1) + O.5]D>?(mt+1 + dt—i—l))} .

(A1)
We can approximate the above formula further using the fact that:
Xo Yo
1 ~ In (X Y —(x — —(y — A2
n (exp(z) + exp(y)) ~ In (Xo + ¥o) + Xo + Yo (x —x0) + Xo 1 Yo (¥ — o), (A.2)
where X = exp(xg) and Yy = exp(yo). As a result, we get:
pt=In(A+ B)+
A
tA17B (Ee(mig1 + pegr) + 05D (myg1 + per) — In(A)) +
B
+ 1B (Et(mt+1 +diy1) +0.5D% (myyq 4+ digq) — ID(B)) = A3)
A3
=ln(A+B)+
A
I B (E¢(megr + peg1) — E(musr + peg1)) +
B
t 1B (E¢(miqr + dis1) — E(mugr + digr))

where A = exp[E(m1 + pre1) + 0.5D2(myy1 + pes1)], B = exp[E(mir1 + dir1) + 0.5D7 (myr1 + disr)]-



Appendix B. Stock price dynamics under rational expectations

Assuming linear law of motion for my, d; and p;:
me=m+ Mp8i—1+ Wier, dy=d+ Madi_1+ Waer, pr =D+ Mpdi—1 + Wyey, (B.4)

the dynamics of stock price has the following form:
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1n(A+B)+<M +A+BM +A+BMd)Mst_1+

A

M, My, + ——= M,
+( 7n+A+B A+B d)W6t7

where A = exp [m+p+ 0.5(Wy, + Wp)S(Wy, + W,)'], B = exp [m+d+ 0.5(Wy, + Wa) (W, + Wa)'].

Therefore, we obtain the following mapping from the PLM to the ALM coefficients:

P In(A+ B)
T| M, | =] (Mot x5 My + 525 M) M (B.6)
W, (M + 25 My + 525 Ma) W

Appendix C. Jermann model with adaptive learning for macroe-
conomic state variables

Introducing the state variables learning in the model we follow Carceles-Poveda and Giannitsarou (2007).
For brevity, we consider the model with the state variables only. However, taking into account clarity of the

presentation, we start with six variables: consumption C, capital K, technological shock Z, investment I,



price of capital @) and marginal rate of substitution M. Hence, the model consists of six equations:
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In the first step, we loglinearize the equations and then substitute out the non-state variables I, () and M.

Next, we rewrite the system in the reduced form. Finally, we derive the actual law of motion of the state

variables under rational expectations and adaptive learning.

The steady state values of the six analysed variables are as follows:
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Loglinearizing the system (C.7)—(C.12), we obtain the following set of linear difference equations:

0 = a11t; + a12q; + a13ki—1,

0= a1 Bemgs1 + a2 Zoy1 + ag3Bioy1 + a2aFris g1 + aoshks + azedr,

0 = a31EiCiy1 + azaly + azznig + azai—1 + azsCi—o,

0 = a419; + as2ks + aszks_1,

0 = as1C; + asoiy + as3Z; + asaki—1,

0=p.Zy 1 +0.6 — Zs,

where:
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Then, we substitute out ¢, m and i. As a result, equations (C.14) and (C.17) can be rewritten as:

0=b11Eiério+ b1oBiéirr + b13E: Zey1 + biaBikern + bisés + bighs + bigée_1 + bigks 1,

0 = bo1 6 + bagky + baski_1 + bauZs,

(C.13)
(C.14)
(C.15)
(C.16)
(C.17)

(C.18)

(C.19)

(C.20)



where:

azi as2 a42 11 a34
b = —a21—, b2 = a1 —, bz = az2, by = — (—024 + 023) y bis = —a21—,
@33 a33 Q41 a12 a33
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Q41 12041 a2 412041 a33 12041 a2
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bo1 = as1, bay = —asz—, boz = (%4 —as2— |, bay = as3.
a41 Q41

Now, we want to solve the system for & and k;. From (C.20), we have:

—— ki1 ——Z C.21
t Do Ct Do t—1 bas ts ( )
and therefore:
- bo1 bos » ba4 ba1 bas bor. b3 ba4 ba4
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tRt+1 = bos tCt+1 Do t Do tLt+1 = Do tCt+1 Do b220 Do t—1 Do t Do tLt41
bar ., . bazboy . baz\” 2 ba3boy bag
=-—=F _ =) ki Zy — —E,Z
ban T b, T <b22> T b By (C.22)
Plugging (C.21) and (C.22) into (C.19) and using the fact that E;Z; 11 = p,Z; gives:
bo1 bosb b
0 =b11ECryo + <b12 - b14> Eiéi41 + <b15 + bg 22l bis 21) Ct + bi7Ci_1+
b22 b22b22 b22
(C.23)

bas3 bos3 bo4 ba3bas boy
<b18 + b1 <b2 ) - b16b ) ki—1 + [(bm - 5141)22) Pz + bl4m - b16b22:| Zs.

Hence:
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Finally, plugging (C.24) into (C.21), we obtain:
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Summarizing, the model can be compactly written as follows:

é = ¢pEréyn + 012EiCrr1 + d13éi—1 + Prake_1 + ¢157Zs,
ki = ¢o1Biéira + poaBiéry1 + boséi1 + oaki 1 + bosZi,

Ly = p.Ls_1+ 06,
or in matrix form:

Ty = O Koo + ProEs®i1 + Pizds—1 + P1aZy, (C.26)

Zt = p 2y 1+ 06, (C.27)

where & = [¢; k|7 represents vector of the state variables (without the technological shock Z;).

The RE solution of the model has the following form:
B =P8y + I Z g + e (C.28)

In the adaptive learning case, we assume that agents know the true functional form of the solution (C.28), but
do not have knowledge on the values of the parameters. Moreover, they correctly know both the functional
form as well as the parameter values of the law of motion of the technology shock (C.27). As a result, the

perceived law of motion of the state variables is given by:
B = ey + O Zoy + ue, (C.29)

where 92 and ¢ A% represents sample estimates of the matrices 92 and ZF. Similarly to the stock price
learning case, we employ the constant gain recursive least squares algorithm for estimating these matrices.

Because:

. AL - AL
E¢Zy1 =y "8 + 00" 2y,

Eiirro = By [0l d + 92 2] = 2t (02 Ea, + 02 Zy) + pptt 7y,



then the dynamics of the state variables (C.26) under adaptive learning can be written as:

~ 2,
Ty =Py [(7/1;%) &+t Zy + pz'l/}?LZt:| +
+ @ [V 8 + 2] + Pradey + P1aZy,
2 . .
[I —®y (d’;u) - ‘I>121/1;4L} Ty = P38 + [‘1)11 (lble/)fL + Pz1/1;4L) + <I>12\IJ;4L + ‘%4] Zy,

Gy =0 D33y + UL T, (C.30)

where:

2
Uy =1-®q (1/1;“) — Byt Uy = Pypy (IZ’;M‘/JSL + Pz1/1;4L) + O U 4 By,

Equation (C.30) describes the actual law of motion for the state variables under the adaptive learning scheme.

Dynamics of all other variables in the model is determined by the evolution of the state variables.
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